ABSTRACT. In this paper we provide a lower bound for the long time on-diagonal heat kernel of minimal submanifolds in a Cartan-hadamard ambient manifold assuming that the submanifold is of polynomial volume growth. In particular cases, that lower bound is related with the number of ends of the submanifold.
This paper deals with lower bounds to the on-diagonal heat kernel assuming certain restriction on the volume growth. In order to define that appropriate behavior on the growth of the extrinsic volume, recall that given a minimal submanifold M m properly immersed in a Cartan-Hadamard manifold N with sectional curvatures K N bounded from above by K N ≤ 0 and denoting by ω m the volume of a radius one geodesic ball in R m and by B N R (p) the geodesic ball in N of radius R centered at p, by the monotonicity formula (see for instance [MP12, theorem 2.6 .9] and [Pal99] ) for any point p ∈ M m the function
is a non decreasing function. Throughout this paper a complete minimal submanifold properly immersed in a Cartan-hadamard ambient manifold is called a minimal submanifold of polynomial volume growth if there exists a constant E depending on M m such that:
Under such volume growth behavior we can state the behavior of the long time asymptotic for the on-diagonal heat kernel by the main theorem of this paper. The main theorem makes use of the following constant C m depending only on the dimension m of the submanifold
Work partially supported by DGI grant MTM2010-21206-C02-02. FIGURE 1. The catenoid, the Costa surface and the Scherk singly periodic surface are examples of minimal surfaces immersed in R 3 with polynomial volume growth which is equivalent to quadratic area growth when the submanifold is a surface.
where Γ(z) and Γ(z 1 , z 2 ) in the above expression denote the gamma function and the incomplete gamma function respectively, i.e,
For minimal submanifolds with an extrinsic volume growth controlled by the above constant C m we can state the main result of this paper:
Main Theorem. Let M m be a complete m-dimensional submanifold properly immersed in a simply connected ambient manifold N with sectional curvatures K N bounded from above by K N ≤ 0. Suppose that M m is of polynomial volume growth, and that
It is not hard to find examples of complete minimal submanifolds properly and minimally immersed in a Cartan-Hadamard ambient manifold with polynomial volume growth. Indeed, for a complete minimal surface embedded in R 3 , by a well known result (see [Oss86, JM83] and introduction in [GP13] ), if the surface has finite total curvature then the surface has polynomial volume growth (quadratic area growth) and the constant E given in equation (1.4) is equal to the number of ends of the surface. This is the case of the catenoid or the Costa surface (with E = 2 for the catenoid and E = 3 for the Costa surface). It is also known that there exist other surfaces with quadratic area growth but without finite total curvature and even without finite topological type. An example of that kind of surface is the Scherk singly periodic surface (see introduction in [MW07] ) which has E = 2.
Since
we can apply the main theorem to the catenoid, the Costa and the Scherk surface, obtaining
for the catenoid and the Scherk singly periodic surface, and
for the Costa surface.
As we have shown, there are several examples where the volume growth is related with the number of ends of the submanifold. In fact, the following theorem allow us to achieve inequality (1.4) under certain decay of the norm of the second fundamental form and to give a topological meaning to lim R→∞ Q(R) Theorem 1.1 (see theorem 2.2 of [Qin95] and [GP12] ). Let M m be an m−dimensional complete immersed minimal submanifold in R n which satisfies
where A denotes the second fundamental form. Then, the number of ends
is given by:
provided either of the following two conditions is satisfied:
Hence, we can state the following corollary showing the relation between the number of ends and the lower bound for the heat kernel under the assumptions of the above theorem (see introduction of [GSC09] for a complete overview on the two sides estimates for the heat kernel on manifolds with ends): 
If M 2 is a minimal surface in R 3 , by the Gauss formula the second fundamental form is related with the Gaussian curvature K G of M 2 by (1.13)
in view of [MPR13, theorem 1.2] it seems that in the particular case of complete embedded minimal surfaces in R 3 if there exists a constant C such that |K G |R 2 ≤ C, then:
Hence, the condition given in equation (1.10) in the above corollary can be replaced in the particular case of complete embedded minimal surfaces in R 3 by
Recall also that a particular case when equality (1.10) holds is (see [Qin95] ) when
when the submanifold has finite scalar curvature (see also [And84] ). Let us finally remark that
Remark a. Given a manifold M n with non-negative Ricci curvature Rc > 0, BishopGromov volume comparison theorem asserts that for any o ∈ M n the relative volume
is non-increasing in the radius R (being B
If Θ > 0, one says that the manifold M n has maximal volume growth. P. Li proved in [Li86] (see also [Xu13] ) that if M n has Rc > 0 and maximal volume growth, then
In some sense, our main theorem can be understood (partially) as a reverse of the Li's theorem because at least on dimension 2, by the Gauss formula (equation (1.13)), a submanifold properly and minimally immersed in a Cartan-Hadamard ambient manifold has non-positive sectional curvature (instead of Rc > 0) and because, by the monotonicity formula, the extrinsic quotient given in equation (1.3) is non-decreasing (instead of nonincreasing like the relative volume quotient).
Despite of the weakness of the inequalities (1.7) in comparison to equality (1.15) observe, however, that a non-negatively Ricci-curved manifold with maximal volume growth must have finite fundamental group (see [Li86] ) but that is not true for minimal submanifolds of a Cartan-Hadamard with polynomial volume growth (see for instance the singly periodic Scherk surface (figure 1)).
The most well known examples of heat kernels of minimal submanifolds M m in the Euclidean space R n are when M m is a totally geodesic submanifold R m in R n . Observe that in that case E = 1 if C m were 0 the inequality (1.7) would be an exact equality. Therefore, it is a natural question to ask the following open question Open question. Is it possible to improve the main theorem changing C m by 0?
The structure of the paper is as follows In §2 we recall the definition and several properties of the heat kernel on a Riemannian manifold and provide proposition 2.1 which states that every complete minimal submanifold with polynomial volume growth is stochastically complete. With those previous requirements we can, in §3, to prove the main theorem. (1) Symmetry in x, y that is H(t, x, y) = H(t, y, x).
(2) The semigroup identity: for any s ∈ (0, t)
(3) For all t > 0 and x ∈ M , (2.5)
If M is the Euclidean space R n then, due to the homogeneity and isotropy of the Euclidean space, the heat kernel H n,0 (t, x, y) depends only on t and ρ(x, y) = dist(x, y), and is given by the classical formula
.
A manifold M satisfying for all x ∈ M and all t > 0
is said to be stochastically complete. In the following proposition is proved that a complete submanifold of polynomial volume growth is stochastically complete Proposition 2.1. Let M m be a m-dimensional complete minimal submanifold properly immersed in a Cartan-Hadamard ambient manifold. Suppose that M m is of polynomial volume growth, then M m is stochastically complete
Proof. Since M m has polynomial volume growth by equation (1.4), for any o ∈ M and any R ∈ R + we have
Hence, by [Gri99, theorem 9.1] M m is stochastically complete.
Finally in order to conclude this preliminary section let us recall here the coarea formula Theorem 2.2 (Coarea formula, see [Sak96, Cha84] ). Let f be a proper C ∞ function defined on a Riemannian manifold (M n , g). Now we set (2.10)
Then for an integrable function u on M n the following hold:
(1) Let g t be the induced metric on Γ t from g. Then
(2) t → V t is of class C ∞ at a regular value t of f such that V t < +∞, and
PROOF OF THE MAIN THEOREM
First of all, let us denote by D R (x) the extrinsic ball of radius R cantered at x, i.e.,
is the sublevel set of the extrinsic distance function r x :
Making use of the upper bounds for the heat kernel (equation 1.2) and the semigroup property of the heat kernel (equation 2.4)
for any extrinsic ball D R (x). Applying now the Cauchy-Schwarz inequality
Since by proposition 2.1 M m is stochastically complete
Applying the polynomial volume growth property
we obtain
We need now the following proposition
H(t/2, x, y)dV(y) ≤ E (C m + δ(t)) , being δ a smooth function with δ → 0 when t → ∞.
Proof. By inequality (1.1) (3.9)
by coarea formula (theorem 2.2) (3.10) .
Taking into account the definition of R t (equation (3.6)) and that ω m = 2π Making use that Q(s) = E when s → ∞ the proposition is proven.
Hence for t large enough we can apply the above proposition in equation (3.7)
(3.14) 1 ≥ (4πt) Therefore, taking limits the theorem follows.
